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Section I 
10 marks 
Attempt Questions 1–10 
Allow about 15 minutes for this section 

Use the multiple-choice answer sheet for Question 1 – 10. 

 

1. Given tan𝜃𝜃 =
1
3

 , what is the exact value of tan �𝜃𝜃 +
𝜋𝜋
3
� ? 

   

 (A) √3 + 3
3√3 − 1 

 

 (B) √3 − 3
3√3 + 1 

 

 (C) 1 + 3√3
3 − √3 

 

 (D) 1 − 3√3
3 + √3 

 

 

 

2. Which of the following expressions is equivalent to �
−2

√1− 4𝑥𝑥2
𝑑𝑑𝑥𝑥  ? 

   

 (A) 
1
2

sin−1(2𝑥𝑥) + 𝑐𝑐  

 (B) sin−1(2𝑥𝑥) + 𝑐𝑐  

 (C) 
1
2

cos−1(2𝑥𝑥) + 𝑐𝑐 

 (D) cos−1(2𝑥𝑥) + 𝑐𝑐  
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 3. Jack starts at the origin and walks along vector 2 𝑖𝑖
~

+ 3𝑗𝑗
~

 and then turns and walks 

along 4 𝑖𝑖
~
− 2𝑗𝑗

~
 . How far is Jack from the origin?   

 
   

 (A) 5 

 (B) √11 

 (C) √37 

 (D) √61 

 

 

4. The function shown in the diagram below has equation 𝑦𝑦 = 𝐴𝐴 sin−1 𝐵𝐵𝑥𝑥 . 
Which of the following is true? 

 

 
   

 (A) 𝐴𝐴 = 1,𝐵𝐵 =
1
2

 

 (B) 𝐴𝐴 = −1 ,𝐵𝐵 = 2 

 (C) 𝐴𝐴 =
−2
𝜋𝜋

 ,𝐵𝐵 =
1
2

 

 (D) 𝐴𝐴 =
2
𝜋𝜋

 ,𝐵𝐵 = 2 

 
             
 
 

  

x-2 -1 1 2

y

-1.5

-1

-0.5

0.5

1

1.5
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5. The graph of the direction field of a differential is shown below. 
 

 
 Which of the following best represents the particular solution that passes through the 

point (4, 0)? 
   

 

(A) 

 

(B) 

 
     

 

(C) 

 

(D) 

 
 
 

 
 



2023 Mathematics Extension 1 – Trial Examination HHHS 

6 
 

 
 

6. A school committee consists of 8 members and a chairperson. The members are 
selected from 12 students. The chairperson is selected from 4 teachers. In how many 
ways could the committee be selected? 

   

 (A)  𝐶𝐶8 + 𝐶𝐶1412  

 (B) 𝑃𝑃8 + 𝑃𝑃1412  

 (C) 𝑃𝑃8 × 𝑃𝑃1412  

 (D) 𝐶𝐶8 × 𝐶𝐶1412  

 

 

7. Six equilateral triangles form a hexagon with side lengths of 4 cm. The vectors 
𝑢𝑢
~

, 𝑣𝑣
~

 and 𝑤𝑤
~

 are shown in the diagram.  

  

 
 Which of the following is the value of 𝑢𝑢

~
∙ �𝑢𝑢

~
+ 𝑣𝑣

~
+ 𝑤𝑤

~
� ? 

 (A) 8 

 (B) 16 

 (C) 32 

 (D) 48 
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8. The expression 2 cos 𝑥𝑥 − 3 sin 𝑥𝑥 is written in the form 𝑅𝑅 cos(𝑥𝑥 + 𝜃𝜃) , where 𝑅𝑅 > 0 and 
0 ≤ 𝜃𝜃 ≤ 𝜋𝜋

2
 . What is the value of tan𝜃𝜃 ?  

   

 (A) −
3
2

 

 (B) −
2
3

 

 (C) 
2
3

 

 (D) 
3
2

 

 
 

 
9. The graph of 𝑦𝑦 = 𝑥𝑥2 − 4 is shown below. The area of the region 𝐴𝐴 is equal to the area of 

the region 𝐵𝐵. What is the value of 𝑎𝑎? 
 

 
   

 (A) 6 

 (B) √6 

 (C) 2√3 

 (D) 12 
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10. Mathematical induction is used to prove that 
2

1 × 2
+

2
2 × 3

+
2

3 × 4
+ ⋯+

2
𝑛𝑛 × (𝑛𝑛 + 1) =

2𝑛𝑛
𝑛𝑛 + 1

  

for all positive integers 𝑛𝑛.  
 
Which of the following is the correct expression for part of the induction proof? 

   

 (A) 𝐿𝐿𝐿𝐿𝐿𝐿 =
2𝑘𝑘
𝑘𝑘 + 1

+
2

𝑘𝑘 + 1
 

 (B) 𝐿𝐿𝐿𝐿𝐿𝐿 =
2𝑘𝑘
𝑘𝑘 + 1

+
2

𝑘𝑘 + 2
 

 (C) 𝐿𝐿𝐿𝐿𝐿𝐿 =
2𝑘𝑘
𝑘𝑘 + 1

+
2

(𝑘𝑘 + 1)(𝑘𝑘 + 2) 

 (D) 𝐿𝐿𝐿𝐿𝐿𝐿 =
2𝑘𝑘
𝑘𝑘 + 1

+
2

(𝑘𝑘 + 1)(𝑘𝑘 + 3) 

 

End of Section I 
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Section II 
60 marks 
Attempt Questions 11–14 
Allow about 1 hour and 45 minutes for this section 
 

Question 11 (16 marks) Begin a new Writing Booklet. 
 

a. Find the value of the constant 𝑎𝑎 such that 8750𝑥𝑥4 is a term in the binomial expansion 
of (𝑎𝑎 + 2𝑥𝑥)7.  3 
 
 
 

b.  (i) Use the substitution 𝑥𝑥 = tan2 𝜃𝜃 to show that   2
  
  

 
    (ii) Hence find in simplest exact form the value of   2 

 
 
 

c. Solve (𝑥𝑥2 − 1)(𝑥𝑥 + 3) < 0 .  3
   
 
 

d. Find in the form 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) the solution of the differential equation                

given that 𝑦𝑦 = ln 3 when 𝑥𝑥 = 𝜋𝜋
3

 .  3 

 
 

e. In a particular country town, the proportion of employment in the farming industry 
is 0.62. Five people aged 15 years and older are selected at random from the town. 
Calculate the probability that the proportion of workers in the farming industry in the 
sample is greater than 0.5, correct your answer to 2 decimal places.   3 

 
End of Question 11 

  

�
√𝑥𝑥

(1 + 𝑥𝑥)2
1

0
𝑑𝑑𝑥𝑥 = � 2 sin2 𝜃𝜃𝑑𝑑𝜃𝜃

𝜋𝜋
4

0
 . 

�
√𝑥𝑥

(1 + 𝑥𝑥)2
1

0
𝑑𝑑𝑥𝑥 . 

𝑑𝑑𝑦𝑦
𝑑𝑑𝑥𝑥

=
2𝑒𝑒−

1
2𝑦𝑦

cos2 𝑥𝑥
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Question 12 (13 marks) Begin a new Writing Booklet. 

 
a. Use Mathematical Induction to prove that 13𝑛𝑛 + 6𝑛𝑛−1 is divisible by 7 for all positive 

integers 𝑛𝑛 ≥ 1.  3 
  
 

b. ∆𝐷𝐷𝐷𝐷𝐶𝐶 has a right angle at 𝐷𝐷 as shown below.  

 
Show that:  
 

i. �𝑑𝑑
~
�
2

= 𝑒𝑒
~
∙ 𝑒𝑒

~
+ 2 �𝑒𝑒

~
∙ 𝑐𝑐

~
� + 𝑐𝑐

~
∙ 𝑐𝑐

~
  2 

 

ii. �𝑑𝑑
~
�
2

= �𝑒𝑒
~
�
2

+ �𝑐𝑐
~
�
2

 1 
 

 
c. A particular instant noodle company states that, at most, 3% of all their noodle 

packets marked 85 grams may weigh less than 82 grams. A random sample of 250 
noodle packets is selected and weighted.  
 

i. Find the mean and standard deviation for this distribution of sample 
proportions. Give the mean correct to two decimal places and the standard 
deviation correct to four decimal places. 2 
 

ii. Estimate the probability that, at most, 2% of the noodle packets weigh less 
than 82 grams using the z-score table below. 2 

 
Part of a table of P (Z < z) values, where Z is a standard normal variable, is 
shown. 

 
 
  

 
Question 12 continues onto next page 
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d. A curve has a gradient function and passes through the point �0 , 𝜋𝜋

2
� . Use the  

substitution 𝑢𝑢 = 𝑒𝑒2𝑥𝑥 to find its equation.  3 

 
 
 
 

End of Question 12 
 
 
  

4𝑒𝑒2𝑥𝑥

1 + 𝑒𝑒4𝑥𝑥
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Question 13 (16 marks) Begin a new Writing Booklet. 
 

a. The diagram shows the vector 𝑣𝑣 =  �𝑎𝑎𝑏𝑏� ∙ The vector  𝑣𝑣′ is its reflection about the 
dotted line, 𝑦𝑦 = 𝑥𝑥.  𝑀𝑀 bisects 𝐴𝐴𝐵𝐵 and lies on 𝑦𝑦 = 𝑥𝑥. 
 
Using projections, show that  𝑣𝑣′ = �𝑏𝑏𝑎𝑎�. 3 

 
 
 

b. The number of mobile phones, 𝑁𝑁 owned in a certain community after 𝑡𝑡 years, may be 
modelled by log𝑒𝑒 𝑁𝑁 = 6 − 3𝑒𝑒−0.4𝑡𝑡 , 𝑡𝑡 > 0 .  
 

i. Show that log𝑒𝑒 𝑁𝑁 = 6 − 3𝑒𝑒−0.4𝑡𝑡 is a solution to the differential equation  2 
1
𝑁𝑁
𝑑𝑑𝑁𝑁
𝑑𝑑𝑡𝑡

+ 0.4 log𝑒𝑒 𝑁𝑁 − 2.4 = 0. 
 

ii. The differential equation in i above can also be written in the form of 2 
𝑑𝑑𝑁𝑁
𝑑𝑑𝑡𝑡

= 0.4𝑁𝑁(6 − log𝑒𝑒 𝑁𝑁). 

                                                 
By using the chain and product rule, show that  

 
 
 

iii. The graph of 𝑁𝑁 as a function of 𝑡𝑡 has a point of inflection. Find the coordinates 
of this point. Give the value of 𝑡𝑡 to one decimal place and the value of 𝑁𝑁 to the 
nearest integer.  2 

 
iv. By finding the initial and the limiting number of mobile phones that would 

eventually be owned in the community, sketch the graph of 𝑁𝑁 as a function of 
𝑡𝑡 on a Cartesian plane for 0 ≤ 𝑡𝑡 ≤ 15 . Showing all key features.  3 

 
Question 13 continues onto next page 

  

𝑑𝑑2𝑁𝑁
𝑑𝑑𝑡𝑡2

=
4𝑁𝑁
25

(6 − log𝑒𝑒 𝑁𝑁)(5 − log𝑒𝑒 𝑁𝑁) . 
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c. i. Show that 
sin 2𝜃𝜃 cos𝜃𝜃 − sin𝜃𝜃 cos 2𝜃𝜃

sin 6𝜃𝜃 cos 2𝜃𝜃 − sin 2𝜃𝜃 cos 6𝜃𝜃
=

1
4

sec𝜃𝜃 sec 2𝜃𝜃. 3 

 ii. If 
1
4

sec 𝜃𝜃 sec 2𝜃𝜃 = −
1
4

 , find 𝜃𝜃, 0 ≤ 𝜃𝜃 ≤ 2𝜋𝜋. 3 

 
   

 
 

 

 

End of Question 13 
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Question 14 (15 marks) Begin a new Writing Booklet. 
 

a. The water in the fountain is modelled by part of a graph 𝑦𝑦 = 1
2
√4𝑥𝑥2 − 1  as shown below, 

where 𝑦𝑦 represents the depth of water.  

 
 

i. Show that the volume, 𝑉𝑉 m3, of water in the fountain when it is filled to a depth 
of ℎ metres is given by 3 

𝑉𝑉 =
𝜋𝜋
4
�

4
3
ℎ3 + ℎ� 

 
ii. The fountain is initially empty. A vertical jet of water in the centre fills the 

fountain at a rate of 0.04 m3/s and, at the same time, water flows out from the 
bottom of the fountain at a rate of 0.05√ℎ m3/s when the depth is ℎ metres. 
Show that 3 

𝑑𝑑ℎ
𝑑𝑑𝑡𝑡

=
4 − 5√ℎ

25𝜋𝜋(4ℎ2 + 1) 

 
iii. Express the time taken for the depth of the above fountain to reach 0.25m as 

a definite integral. Do not evaluate.  1 

 

iv. How far from the top of the fountain does the water level ultimately stabilise? 
Give your answer in metres, correct to two decimal places.    2 

 

 

Question 14 continues onto next page 
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b. The diagram shows a triangle with vertices 𝑄𝑄,𝑅𝑅 and 𝐿𝐿.𝑂𝑂 is the origin, and the vector 
𝑂𝑂𝑄𝑄������⃑ = 𝑞𝑞

~
 and 𝑂𝑂𝐿𝐿�����⃑ = 𝑠𝑠

~
 . Given that 𝑀𝑀 is the midpoint of the 𝑄𝑄𝑅𝑅�����⃑ , 𝑁𝑁 is the midpoint of the 

line segment 𝑅𝑅𝐿𝐿  and 𝑃𝑃  is the midpoint of the line segment 𝑄𝑄𝐿𝐿 , prove that the 
quadrilateral 𝑀𝑀𝑁𝑁𝑃𝑃𝑄𝑄 is a parallelogram.  3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c. Bags of lollipops are supposed to contain 50 lollipops each. Production records 
indicate that 92% of bags contain 50 lollipops. A batch of 15 bags is sampled. If more 
than 2 bags do not contain exactly 50 lollipops, production is stopped.  
 
i. Find the probability, correct to three decimal places, that exactly 2 of the 15 bags 

selected do not contain 50 lollipops. 1 
 
 

ii. Find the probability, correct to three decimal places, the production is stopped. 2  
 
 

 
 

End of Examination 
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